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The problem of predicting mass 
transfer rates and mean compositions in 
turbulent flow has been the subject of 
considerable investigation (7, 14) .  It  
has long been recognized that the ap- 
plication of the statistical theory of 
turbulence to these problems requires 
a knowledge of velocity, density, and 
composition fluctuations and their cor- 
relations. With few exceptions ( 1 2 )  
such data are unavailable, nor can they 
be predicted a priori from specification 
of the boundary conditions. In addition 
the mathematical complexity of prob- 
lems involving anisotropic turbulence 
(which include the majority of practi- 
cal cases) usually precludes the ap- 
plication of the statistical theory. 

This paper describes an investigation 
of the possibility of treating turbulent 
mass transfer by means of a suitable 
eddy transfer coefficient, finding vaIues 
of the eddy transfer coefEcients as a 
function of position in a region of de- 
veloping turbulence (as in mixing of 
coaxial jets), and finally relating the 
coefficient to the patterns of flow which 
must give rise to it. For the steady 
state case the definition chosen is given 
by writing the material balance equa- 
tion for any nonreacting component i 
in the form 

+ 
- p u ~ v x ~ + v ' ( € v x j )  = o  (1) 

h this equation only time mean values 
appear, and it has been assumed that 
the turbulent transfer coefficient is a 
scalar.' (In the situation treated below 
nearly all of the mass transfer is in one 
direction, and the tensor form is un- 
necessary.) This definition is not new, 
having been applied in essentially the 
same manner as used herein by other 
authors to systems involving fully de- 
veloped turbulence (9, 10). Still others 
have obtained values of B by assuming 
it to be a simple function of the flow 
parameters (usually a constant) at the 
point in question, integrating the equa- 
tion, and matching the integrated re- 
sult to experimental data ( 1 ,  1 3 ) .  This 
latter method, while useful, gives little 
information about the detailed behavior 
of the transfer coefficient. While the 
previous results can be applied to SYS- 

0 It is to be noted that the dimensions of the 
transfer coefficient are M/LB rather than those of 
the usual eddy diffusivity L W .  This is because 
the driving force is gradient of mass. fraction 
rather than gradient of concentration. "hx defini- 
tion precludes B diffusive mass transfer due to 
density variation. 
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tems like those for which they were 
measured, they cannot be applied to 
problems with different boundary con- 
ditions or regions of developing flow 
which are cases of considerable practi- 
cal interest. The obvious virtue of the 
proposed treatment is that it can lead 
to a prediction of turbulent mass trans- 
port without knowledge of the compo- 
sition-velocity-fluctuation correlations 
needed in the statistical theory, while 
it retains the generality needed to de- 
scribe systems involving different 
boundary conditions. 

I t  should be pointed out that the 
proposed method of attack can yield 
only time mean (or overalI) composi- 
tions. The extent to which the various 
species are mixed on a molecular scale 
cannot be determined by this approach. 

ANALYSIS OF DATA OF FORSTALL 
AND SHAPIRO 

Values of the turbulent transfer co- 
efficient in the mixing regions of a sys- 
tem of coaxial jets were obtained from 
the original data of Forstall and Shapiro 
( 5 )  made available through the co- 
operation of Professor Shapiro. The 
data were obtained from a system con- 
sisting of a primary jet of helium-air 
mixture fed into a co-axial secondary 
stream of air, both streams having 
initially low turbulence intensity. The 
data consist of measurements of mean 
composition and impact velocity as a 
function of position in the mixing 
region. System geometry and operating 
conditions are shown in Table 1. De- 
tails of the apparatus are presented in 
( 4 ,  5 ) .  

The internal consistency of the origi- 
nal data was evaluated by calculation 
of the total mass flux through each 
axial cross section and of the total flux 
of helium through each axial cross 
section. Variations were less than 3%. 
Within the accuracy of the measure- 
ments axial symmetry was verified. 
Static pressure variations were insigni- 
ficant for mass transfer considerations. 
It is recognized that the criteria above 
are necessary but not sufficient condi- 
tions, but they are the only criteria 
which can be applied. The condition 
that the composition and velocity be 
smooth, continuous functions of space 
coordinates is very important because 
the data were necessarily differentiated. 
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On this basis the runs G 1-4 are 
omitted. 

To treat the axially-symmetric data 
Equation ( 1 )  is expanded in cylindri- 
cal coordinates: 

( q + ( $ ) ( g > = o  dR (2)  

Application of this equation to the data 
requires knowledge of the axial and 
radial velocity components, density, 
and the appropriate derivatives of the 
mass fraction. The velocity components 
were obtained from the impact veloci- 
ties reported in the data by computing 
the streamlines (based on mean flow) 
and finding the angle between the 
streamlines and the axis of the system. 
The streamlines were obtained by inte- 
gration of the mass flux radially from 
the axis at each axial position and con- 
nection of radii bounding equal mass 
fluxes. Figure 1 is a plot of some of the 
streamlines so obtained. The appropri- 
ate derivatives of the composition were 
obtained by numerical differentiation of 
the composition data either by the 
Douglas-Avakian method (11 ) or by 
fitting polynomials to the data to a 
least-squared error and finding the 
derivative of the polynomial at the de- 
sired point. 

Values of the turbulent transfer CO- 

efficient were found by numerical inte- 

TABLE 1 

Runno. F 1-8 F 9-14 G 1-4 G 5-10 
tlr (in.) 1/4 1 1 1/4 

Primarv 
velocity 
(ft./sec.) 90 90 225 225 
UP 
Secondarv 
velocity ' 
(ft./sec.) 45 45 45 45 
T I  

U S  

% Hein 
Primary 
( % , I  9.92 8.85 8.60 9.80 
Feed 
Duct 
diameter 
(in.) 4 4 4 4 
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Fig. 2. Profiles of transfer coefficient runs 

G 5-10. 

TURBULENT TRANSFER COEFFICIENT 

PROFILES RUNS F 9 - I 4  

0.1 0.2 0.3 
R + / t +  

SIMILARITY GO-ORDINATE 
Fig. 3. Turbulent transfer coefficient profiles, 

runs F 9-14. 

gration of Equation (2).  An iterative 
method was used to carry out the inte- 
gration, which gave substantially the 
same results as a more tedious finite 
difference method. A spot check 
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Fig. 4. Maximum turbulent transfer coefficient. 

showed that the original composition 
profile could be reproduced by integra- 
tion of Equation (2)  by the use of 
smoothed d u e s  of the turbulent trans- 
fer coefficient obtained and the original 
velocity data with the necessary com- 

ositions from the original data as 
goundary values. (The profile was ob- 
tained by an integral method. It was 
found that a relaxation technique re- 
quired too fine a mesh to be practical.) 

The values of the velocities, compo- 
sitions, and computed values of turbu- 
lent transfer coefficient are given in 
Table 2.* The run number designations 
are those of Dr. Forstall. 

DISCUSSION 

Because of the numerical treatment 
of the data some scattering of the re- 
sults is to be expected. Some of the 
profiles of turbulent transfer coefficient 
are shown in Figures 2 and 3. The dif- 
ference in the form of the plots is a 
result of the fact that the data of runs 
F 9-14 (Figure 3) are sensibly confined 
to a region where the mixing field is 
developing, while those of runs G 5-10 
(Figure 2) are for the region suffici- 
ently far from the nozzle that the flow 
is fairly well developed. The ordinates 
of both plots are the normalized trans- 
fer coefficients. The relatively wide 
range of maxima of the transfer coeffi- 
cients is illustrated in Figure 4. 

For axial positions greater than 16 
nozzle diam. downstream, where the 
similarity correlation (Figure 2) holds 
reasonably well, the ratio of the maxi- 
mum values of the turbulent transfer 
coefficient to the maximum value of the 
rate of strain is nearly proportional to 
the downstream distance. However 
such a simple relation fails completely 
in correlating the data of runs F 9-14, 
and a more general method of relating 
the turbulent transfer coefficient to the 
patterns of flow producing it was 
sought. 

* Tabular material has been deposited as docu- 
ment 7356 with the American Documentation In- 
stitute, Photoduplication Service, Library of Con- 
gress, Washington 25, D. C., and may be obtyned 
tor $1.25 for photopnnts or for 35-mill. micro- 
film. 

To develop a more reasonable ap- 
proach the following qualitative ideas 
were considered: 

1. The character of the turbulence 
(and of the turbulent diffusion coeffi- 
cient) at any point and time ( P ,  t )  is 
influenced not only by events at ( P ,  t )  
but also by events upstream of ( P ,  t )  
at points (P’, t’) . 

2. Turbulence is produced by shear, 
and therefore the coefficient of turbu- 
lent diffusion at ( P ,  t )  is dependent 
upon the shear at points influencing it, 

3. Turbulence produced in a parcel 
of fluid a t  some time and position will 
decay as the parcel moves away from 
the initial point unless further genera- 
tion takes place. This decay, or the rate 
of it, is probably dependent on the vis- 
cosity of the fluid and the extent to 
which the parcel is agitated. 

In order to give quantitative expres- 
sion to the above, consider the turbu- 
lent diRusion coefficient at point 
P ( x ,  y, a )  and at t denoted by E ( P ,  t ) .  
This will be a consequence of events at 
many points ( P ’ )  upstream of P at 
times ( t ’ ) .  As an approximation one 
may write 

( P ’ ,  t’) . 

Clearly it has been assumed that the 
fractional influence at P ,  t is independ- 
ent of events between P’, t’ and P ,  t. 

As a first approximation it was as- 
sumed that [ ( I ? ’ ,  t’, P,  t )  has a value 
different from zero only for points 
P’ = P8’, where the set of points P.’ 
lies on the streamline passing through 
Y ,  t;  for t’ = t,’ where t,’ is the time at 
which the parcel of fluid at P,  t passed 
through P8’, ( t  - t*’) is nonnegative. 
These approximations permit rewriting 
of Equation ( 3 ) :  

.(PI t )  = J;,zmw‘, t*’, P ,  t )g(P,’)dS’  
(4)  

This ignores the obvious fact that tur- 
bulence in one region alters the pat- 
terns of flow in adjacent regions. 

Because the analysis is to be applied 
to a steady state situation E and f are 
independent of t, and the choice of 
P, t, and P.’ will specify t8’. Equation 
(4) may therefore be written 

€ f P )  = s””“ X,=-= &(P,’, P ) g ( P * ’ ) d S ’  (5) 
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Fig. 5. Development of c along flow lines, runs 
G 5-10. 

The simplest expressions were adopted 
for the factors tl and g. If decay of 
eddy transfer coefficient is proportional 
to itself [see assumption (3) above] 

This equation may be integrated im- 
mediately to give 

tl(PS'> P )  ( 7 )  
As noted earlier this treatment assumes 
that each bit of turbulence produced 
decays independently of subsequent 
events as the parcel of fluid in which 
it is produced moves downstream. For 
g ( P , ' )  a simple proportionality to the 
absolute value of the rate of strain was 
chosen. Because there is significant rate 
of strain in the radial direction only 
one obtains 

Substitution of Equations (7) and (8) 
into Equation (5) then yields 

e G  [- b(t- t,')]dS' (9) 
A cursory examination of the dimen- 

sions of a ( M / L * )  and of j?(l/S) as 
well as the assumptions involved will 
indicate that this formulation cannot be 
complete. It was desirable to see if it 
has the correct qualitative behavior. 

The velocity data were used to eval- 
uate the integral in Equation (9) along 
several streamlines for each run, the 
value of B being chosen to give the 
correct shape of the curve (by com- 
parison with the turbulent transfer co- 
efficient), and the value of 01 being 
chosen to make the curve pass reason- 
ably well through the observed points. 
Because interpolation of the numerical 
results was necessary, the phrase ob- 
served points and the notation cobs 
should be interpreted as points read 
from smooth curves based on the values 
of E obtained from Equation (2 ) .  Typi- 
cal comparisons are shown in Figures 
5, 6, and 7 where two streamlines (one 
originating in the primary stream and 
passing through the potential cone and 
cne originating in the secondary stream) 

are shown in each plot. The coordinates 
of the plots are E and 2' = Z/d,. In 
view of the differences in the shapes of 
the curves the agreement is surprisingly 
good. 

It is interesting that a single value 
of f l  could be used for all streamlines 
and all runs and that it was necessary 
to adjust a only for different runs, not 
for different streamlines in the same 
run. The values of a and /3 are shown 
in Table 3. 

I t  is obvious that values of the coeffi- 
cient of turbulent diffusion could not be 
obtained in regions where the compo- 
sition is constant, for example the inlet 
streams. Therefore any unknown turbu- 
lence in the feed streams due to the 
boundary layers on the inner nozzle 
would be reflected in a necessary al- 
teration of the constants. 

A comparison of the values of the 
turbulent transfer coefficient obtained 
via Equation (9) from the flow pat- 
tern (eealc)  with the values calculated 
from the composition data (cobs) is 
shown in Figure 8. In this plot all the 
points are presented for all of the 
streamlines for which Equation (9) 
was evaluated. While there is consider- 
able scatter, this is not surprising when 
the number of operations required to 
produce either coordinate is considered. 
Furthermore when one recognizes that 
the two constants Q and have been 
adjusted only to give the general level 
of the curves, and their dimensions in- 
dicate that some further theoretical 
work is necessary, the agreement is 
satisfactory. 

The authors know of no previous 
effect to relate the turbulent transport 
coefficient to the properties of the flow 
causing it in a field of developing tur- 
bulence. Emmons has developed a 
probability theory of transition to tur- 
bulence (3) taking account of events 
upstream of the point under considera- 
tion. The effect of time for diffusion in 
a homogeneous field of turbulence has 
also been discussed (2, 6 ) .  

The results of this investigation indi- 
cate that it is possible to obtain numeri- 
cal values of turbulent exchange coeffi- 
cients with sufficient accuracy to per- 
mit interpretation. Furthermore the re- 
sults show that the qualitative ideas 
leading to the relation between transfer 
coefficient and patterns of flow are cor- 
rect. In principle enough information 
of this kind would permit prediction of 
the turbulent diffusion as a function of 
the boundary conditions and patterns 
of flow in the mixing field. 

TABLE 3 

Run no. F 1-8 F9-14 G5-10 
a! x 10' 
(lb.,/sq. ft.) 4.07 2.15 2.59 
p (sec.-') 32.5 32.5 32.5 

4 

0 

Fig. 6. Development of c along flow lines, runs 
F 9-14. 

Fig. 7. Development of E along flow lines, runs 
F 1-8. 

Fig. 8. Comparison of Equation ( 9 )  with ex- 
periment. 

There are several aspects of the ap- 
proach indicated which need further 
clarification by application to other 
data. It is necessary to generalize the 
quantities Q and /3 so that they may be 
predicted. These two quantities must 
to some extent be dependent on the 
properties of the fluids involved and 
the boundary conditions on the mixing 
region. Furthermore Equation (9) does 
not admit a diffusive transfer on a 
streamline to which there has been no 
transfer of momentum. Since many ex- 
perimental results show clearly a more 
rapid spread of mass than of momen- 
tum in jet mixing (for example 4 ) ,  it 
appears that a modification may be 
necessary to include regions near the 
edge of the jet. (The present results are 
not accurate near the edge of the jet.) 

I t  is clear finally that prediction of 
the turbulent transfer coefficient by 
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Equation (9)  requires a knowledge of 
the flow pattern. The flow pattern must 
in turn be determined in conjunction 
with a knowledge of the turbulent 
momentum transport. I t  is suggested 
that methods similar to those employed 
lierein be applied to the momentum 
transfer problem. 
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NOTATION 

dx = diameter of primary jet nozzle 
e = turbulent transfer coefficient, 

f ,  g = generation functions 
P = coordinates of the point P 
U = radial coordinate, (in. where 

R‘ = dimensionless radial coordi- 

(Ib.,/ft. sec.) 

numerical values are given) 

nate, R / b  

R,  

S 
t = time 

u = velocity vector 
u, = axial velocity, (ft./sec. where 

numerical values are given) 
uE = radial velocity, (ft./sec. where 

numerical values are given) 
V = volume 
X = mole fraction of helium 
Z = axial coordinate 
2’ = dimensionless axial coosdinatc, 

= radial coordinate at the plane 

= distance along a streamline 
of the nozzle, in. 

+ 

Z/d.v 

Greek Letters 

a,# = constants (see text) 
[> = influence functions 
p = density, (lb.,/cu. ft where 

X, = mass fraction of species, j 
v = vector operator (gradient) 

numerical values are given) 
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Axial Dispersion in a Packed Bed 
CHAD F. GOTTSCHLICH 

University of Cincinnati, Cincinnati, Ohio 

Until recently the transport of mass 
in the direction of flow by a diffusion 
mechanism has been neglected in the 
study of rate processes in packed beds. 
Beginning in 1953 a number of theo- 
retical studies (1, 2, 3, 4, 5, 6, 7, 8, 9) 
and experimental investigations (1 0, 
11, 12, 13, 14, 15) were made to de- 
termine the nature and magnitude of 
the axial diffusion mechanism. The per- 
fect mixing cell model, in which each 
of the interstices of a packed bed acts 
as a mixing stage, was proposed by 
Kramers and Alberda ( 4 )  and further 
investigated by others (2, 14) .  The ex- 
perimental measurements of McHenry 
and Wilhelm ( 1 4 )  verified the deduc- 
tions of the mixing cell model for gas- 
flow systems. 

The measurements of axial diffusion 
in liquid-flow systems made by Gean- 
koplis and his co-workers (13, 1 5 ) ,  
Carberry and Bretton ( l l ) ,  Ebach and 
White ( 1 2 ) ,  and others produced dif- 
fusion coefficients that were in sharp 
disagreement with the perfect mixing 
cell model. Figure 1 summarizes the 
results of several of these investigations. 

sity, Evanston, Illinois. 
C. F. Gotischlich is at Northwestern Univer- 

Carberry (11) inferred from his 
measurements that some kind of capaci- 
tive effect appeared to exist. Deans and 
Lapidus ( 3 )  suggested that stagnant 
fluid regions produced the capacitive 
effect and from order-of-magnitude 
considerations estimated that this could 
rccount for the discrepancy between 
the gas-flow and the liquid-flow diffu- 
sion coefficients. Turner (8, 9) and 
Aris ( 1  ) have investigated a mathemat- 
ical model for the capacitive effect in 
terms of distributed pockets of stagnant 
fluid in a packed bed. Application to 
existing experimental data was not 
made however. In the present investi- 
gation an analysis somewhat similar to 
Turner’s, although differing considera- 
bly in detail, is applied to reported 
experiments in axial dispersion. 

THE FILM MODEL 

A packed bed can be idealized by 
dividing each of its interstices into two 
regions. In one region turbulence pro- 
duces complete mixing. In the other re- 
gion the fluid is stagnant, and mixing 
occurs incompletely by molecular dif- 

fusion. The continuity equation for a 
tracer substance in the fluid is 

This equation differs from the one 
used by earlier investigators only in 
the appearance of a term that accounts 
for the holdup in the stagnant fluid and 
in the use of a so-called effective 
porosity which is the fraction of the 
packed bed volume occupied by the 
perfectly mixed regions. In most of the 
experiments reported it appears that no 
large-scale, transverse concentration 
gradients existed, thus the absence of 
such terms in Equation (1). 

In addition an equation to describe 
mass transport in the stagnant fluid is 
required. It will be assumed that such 
transport occurs only by molecular dif- 
fusion and only in the direction trans- 
verse to the flow. Furthermore it will 
be assumed that the stagnant fluid 
forms a thin film of uniform thickness 
surrounding the particles in the packed 
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